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Article
Design of a vibration absorber for
harmonically forced damped systems
Ramy F Harik and Jimmy S Issa
Abstract
Vibration suppression in harmonically forced viscously damped systems is considered using a new vibration absorber
setup. The absorber is placed between the primary system and the supporting ground. The optimal absorber parameters
are obtained with the aim of minimizing the maximum of the primary system frequency response. For a given damping
ratio of the primary system and mass ratio of the system, the optimal stiffness and damping ratios of the absorber are
calculated numerically. Two different numerical approaches are used in solving the problem; the first is based on the
genetic algorithm technique and the second on the downhill simplex method. It is shown that an optimal mass ratio
exists and it is calculated along with the corresponding absorber parameters for a range of the primary system damping
ratio. The utmost optimal parameters associated with the optimal mass ratios are tabulated to be used for the design of
such absorbers. The absorber efficiency is discussed and it is shown that this absorber becomes detrimental as the mass
ratio is increased or when damping in the primary system is high. The proposed and classical absorbers efficiencies are
compared.
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1. Introduction
Vibration absorbers are traditionally used for suppres-
sion and attenuation of unwanted vibrations. These
passive devices are mounted to their host systems and
are easily tuned to reach maximum performance. This
vibration absorption technique was ﬁrst patented by
Frahm (1911) and was followed by the ﬁrst analytical
study conducted by Ormondroyd and Den Hartog
(1928) of an absorber attached to a dynamic system.
The optimal parameters of a dynamic vibration absor-
ber attached to an undamped primary system were
determined analytically by Den Hartog (1940). The
objective is the minimization of the maximum of the
primary system frequency response. Brock (1946) com-
pleted the study by obtaining the optimal damping
ratio using a simple perturbation method. The opti-
mization method is based on two invariant points of
the frequency response which are independent of the
damping of the absorber. For a given absorber mass,
tuning is attained by setting these points to equal
heights through a proper choice of the absorber stiﬀ-
ness. Then, the damping constant is calculated from an
average of two damping constants each corresponding
to the frequency response function (FRF) passing
horizontally through one of the equally leveled invari-
ant points. The optimal results are obtained in an ana-
lytical closed form. This approximate optimal absorber
design is well known and can be found in vibration
textbooks, e.g. Rao (2003). The approximate solution
is further enhanced and made exact by Nishihara and
Asami (2002), who determined the optimal parameters
analytically by equally leveling the peaks of the FRF.
When the primary system is damped, the FRF does not
exhibit invariant points and therefore, an analytical
approximate solution cannot be achieved.
Furthermore, the exact approach fails to yield an ana-
lytical solution because the expression of the objective
function becomes complicated. Several authors have
solved the problem numerically using diﬀerent opti-
mization techniques. Randall et al. (1981) used a star
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search technique to calculate the optimal parameters.
The maximum of the FRF which is needed at each step
of the routine was calculated using a golden ratio
search and the optimal parameters are reported in
ready to use charts. Soom and Lee (1983) calculated
the optimal parameters using nonlinear optimization
methods. Several objective functions were considered
other than the primary system displacement. Pennestri
(1998) used the Chebyshev’s equioscillation theorem in
the determination of the optimal parameters. When the
primary system is subjected to a random force the
objective function which was ﬁrst proposed by
Crandall and Mark (1963) is the area under the norm
squared of the steady state response. The optimal par-
ameters were obtained in closed form by Warburton
(1982) when damping is not present in the primary
system and by Asami et al. (2002) for damped systems.
Finally, when the primary system is subjected to short-
term excitations, the objective becomes the minimiza-
tion of the system time constant. This problem was
studied by Yamaguchi (1988) and Nishihara and
Matsuhisa (1997).
The simpliﬁed single-degree-of-freedom model of
systems can in some cases misrepresent the dynamic
behavior of the system. In this case, the model can be
more generalized by increasing the degrees of freedom
which will complicate the analysis. The use of vibration
absorbers for vibration reduction in beams has been
studied in the literature, e.g. Bonsel et al. (2004),
Cheung and Wong (2008), Ouled Chtiba et al. (2010)
and Fey et al. (2010). Nonlinearities can be present in
the primary system, absorber or both. Optimal designs
of nonlinear absorbers were proposed by Oueini and
Nayfeh (2000), and Ashour and Nayfeh (2003).
Vibration absorbers with viscoelastic connections
were studied by De Espı´ndola et al. (2008) and
Doubrawa Filho et al. (2011). This concludes the
brief overview on absorber designs, and the reader is
referred to the references therein for a more exhaustive
coverage on this aspect of the research.
Recently, Issa (2012a,b, 2013a,b) proposed the use
of a new vibration absorber setup, which is shown in
Figure 1. In the new setup, the primary system and
absorber positions are reversed. The following cases
were considered and the corresponding optimal absor-
ber parameters were obtained: An undamped primary
system subjected to harmonic ground motion (Issa,
2012a) and harmonic force excitation (Issa, 2013a),
and a damped primary system subjected to random
force excitation (Issa, 2012b) and short-term excitation
(Issa, 2013b). In this paper, the work in Issa (2013a) is
completed by considering damping in the primary
system. The optimal parameters are obtained numeric-
ally since analytical closed forms are not possible.
Following the classical absorber design procedure,
for a given damping and mass ratio of the system, the
optimal stiﬀness and damping ratios of the absorber are
calculated with the aim of minimizing the maximum of
the primary system frequency response. In the next sec-
tion, the objective function is derived and written in
terms of dimensionless parameters. In the third section,
the optimization techniques used in the calculation of
the optimal parameters are presented. The optimal
results are given in the fourth section. In the same sec-
tion, the existence of an optimal mass ratio and pairs of
mass ratios leading to the same optimal solution are
discussed. In the ﬁfth section, the absorber eﬃciency
is discussed. Comparison with the classical vibration
absorber is done in the sixth section. Concluding
remarks are given in the ﬁnal section.
2. The objective function
The system considered is shown in Figure 1. It consists
of a primary massM attached to the vibration absorber
mass m through its spring k1 and viscous damper c1.
The absorber is attached to the ground through its
spring k2 and viscous damper c2. The primary mass is
subjected to a harmonic force with an amplitude f0 and
frequency !. The equations of motion of the system can
be written as:
M €x1 þ c1 _x1  _x2ð Þ þ k1 x1  x2ð Þ ¼ f0 sin !t
m €x2 þ c1 _x2  _x1ð Þ þ k1 x2  x1ð Þ þ c2 _x2 þ k2x2 ¼ 0:
ð1Þ
In order to generalize the solution, the following dimen-
sionless parameters are used which are slightly diﬀerent
from those adopted in the case of the classic absorber.
Let  ¼ m=M denote the mass ratio,  ¼ c1=ð2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1M
p Þ
k1c1
k2c2
x2m
x1
f(t) = f0 sinωt
{Absorber
{PrimarySystem M
Figure 1. Proposed vibration absorber setup.
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the damping ratio of the primary mass and
g ¼ !=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1=M
p
the frequency ratio. Let f ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2=k1
p
denote the stiﬀness ratio and  ¼ c2= 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1M
p 
the
damping ratio of the absorber. This choice of dimen-
sionless parameters is adopted so that each parameter
will solely depend on one of the physical properties of
the absorber, i.e.  depends on m only, f on k2 only and
 on c2 only. Let X1 be the maximum steady state amp-
litude of the primary system; it can be calculated from
equation (1) in terms of the system parameters. The
dimensionless FRF Hð gÞ ¼ k1X1=f0 of the primary
system is then determined in terms of the dimensionless
parameters and takes the form:
Hð gÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21 þ a22
a23 þ a24
s
ð2Þ
where,
a1 ¼ 1þ f 2  g2
 
a2 ¼ 2g  þ ð Þ
a3 ¼ 1 g2
 
f 2  g2  g2 1þ 4ð Þ
a4 ¼ 2g  1 g2
 þ  f 2  g2 1þ ð Þ  :
Traditionally, the classical absorber problem was
solved as follows: the primary system characteristics,
M, k1 and c1 are known hence,  is known. For a
given mass of the absorber m, its optimal stiﬀness and
damping constants are determined such that the max-
imum of the primary system frequency response is mini-
mized. Therefore, knowing , for a given  the optimal
stiﬀness ratio fopt and damping ratio opt are calculated.
It is well known that the optimal solution results in a
curve with equally leveled peaks and that the higher the
mass ratio, the lower the height of the equally leveled
peaks. In this work, the same approach is followed
where fopt and opt are determined for a given  and 
with the aim of minimizing the maximum of Hð gÞ, 8g.
The shape of Hð gÞ is shown in Figure 2 for  ¼ 0:05,
 ¼ 3 and three diﬀerent non-optimal pairs of  and f.
The ﬁgure clearly shows that Hð gÞ can have at most
two peaks. This was expected since the FRF of a
damped two-d.f. system can have at most two peaks
associated with the damped natural frequencies of the
system. This behavior is similar to that of the FRF of
the primary mass in the case of the classical absorber.
The only diﬀerence is in the static deﬂection of the
system where it is equal to 1 for the classical absorber
whereas here, it depends on f. This stems from the fact
that the primary mass is attached to the absorber and,
therefore, its static deﬂection depends on k2 the absor-
ber stiﬀness. In the next section, the optimization
schemes used in solving the optimal parameters are
described.
3. Optimization scheme
The aim is to minimize the maximum of the primary
system frequency response Hð gÞ. Hence, for a given 
and , if Sð f, Þ ¼MAXðHð gÞÞ 8g, then the goal is to
minimize Sð f, Þ. In order to choose an appropriate
optimization scheme to solve the problem, the shape
and behavior of Sð f, Þ are examined by illustrating
its contour plots in Figure 3 for ( ¼ 0:05,  ¼ 1) and
( ¼ 0:1,  ¼ 2). It is observed from the plots that the
objective function is well behaved and has a unique
global minimum associated with a unique solution
pair fopt and opt.
It is important to note that Sð f, Þ cannot be deter-
mined in an analytical closed form and hence it is eval-
uated numerically at each point. Consequently, the
gradient of Sð f, Þ cannot be determined analytically
and therefore, this type of function is not appropriate
for gradient-based optimization routines. This stems
from the fact that a numerically evaluated gradient is
prone to numerical errors which can mislead the opti-
mization scheme and change the correct direction
towards the optimal solution thereby, leading to diver-
gence. This type of objective function is well suited for
direct search optimization methods where the only
thing needed is the numerical value of the function at
a given search point. The problem is solved using two
diﬀerent direct search methods. The ﬁrst is based on
genetic algorithms (Goldberg, 1989) and the second
on the downhill simplex method (Press et al., 2007).
A genetic algorithm is a stochastic search technique
which brieﬂy works as follows: starting from a given
initial set of potential solutions designated as a gener-
ation, the objective function is evaluated at each poten-
tial solution. Then, a given percentage of the least ﬁtted
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Figure 2. Plots of Hð gÞ for  ¼ 0:05 and  ¼ 3.
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solutions (those having the highest values of the object-
ive function) is extracted from the generation and
ignored. The remaining solutions in the generation
are used in generating new potential solutions to
replace the ignored least ﬁtted ones. This process is
repeated until the optimal solution is reached. The
downhill simplex method is based on the Nelder and
Mead algorithm (Nelder and Mead, 1965) and searches
for the minimum of a function by ﬁrst creating a sim-
plex using an initial guess of solutions. In this case, a
two-dimensional simplex is generated by connecting all
initially guessed solutions by lines. The simplex moves
towards the optimal solution through a series of steps
called contractions, expansions and reﬂections. Once
the optimal solution is encircled within the simplex,
the latter shrinks towards the minimum of the function
by contracting in all directions. This method is well
known and is programmed as predeﬁned functions in
many commercial softwares. For both methods, for a
given  and , the numerical value of Sð f, Þ is needed
at any given f and . In other words, at any given set of
ð,, f, Þ, the maximum of Hð gÞ should be calculated
numerically. The frequency ratios at the maxima or
minima of Hð gÞ are calculated from the equation
@Hð gÞ=@g ¼ 0 which, after simpliﬁcations and elimin-
ation of the zero root, reduces to following ﬁfth order
polynomial in g2:
b5 g
10 þ b4 g8 þ b3 g6 þ b2 g4 þ b1 g2 þ b0 ¼ 0 ð3Þ
The coeﬃcients of the polynomial in equation (3) take
the form:
b0 ¼ f 6ð3 42Þ þ f 8ð1 22Þ  22 þ f 4ð3þ þ 4Þ
þ f 2ð1þ  42Þ
b1 ¼ 2f 2 82 þ 42ð1þ  42Þ  2 ð4þ Þ
 
þ 4f 6ð1þ Þð22  1Þ
 f 8  ð1þ 2Þ þ 8ð1 22Þ2
þ 2f 4 42 þ 82ð1þ  2Þ  3 5 
b2 ¼ 4ð1þ f 2Þ3 þ 2ð1þ f 2Þð5þ 6f 2Þ
 4 2þ 2f 4 þ 3þ 4f 2ð1þ Þ 2
þ 164  4 4þ 4f 4 þ 4f 2ð2þ Þ
þ ð2þ Þ  82þ 1622ð1þ Þ
þ 323 f 2ð1þ Þ  22  82ð1þ Þ2
 42f 4ð1þ Þð2þ 3Þ  3224
þ 42f 2 82  5ð2þ Þ þ 4ð2  1Þ 
þ 164 f 2ð1þ Þ  22 þ 3
b3 ¼ 16ð2þ 2f 2 þ Þ  22ð1þ f 2Þð3þ 3f 2 þ 2Þ
 643  164
 82 22ð6þ ð2þ ÞÞ   ð1þ Þð2þ Þð
þ f 2ð2þ ð2þ ÞÞ
þ 82ð2þ 2f 2 þ Þ  164ð1þ Þ2
 323ð2þ ð2þ ÞÞ
b4 ¼ 2 ð4þ 4f 2 þ Þ  2ð4þ ð2þ ÞÞ2

 16  82
b5 ¼ 4
Equation (3) cannot be solved analytically and,
therefore, a closed form expression for the heights of
the peaks cannot be achieved. Except when a peak coin-
cides with the static deﬂection, its height is
h0 ¼ ð1þ f2Þ=f2 and corresponds to g ¼ 0. Finally, for
a given  and , the objective function at a given f and 
f
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Figure 3. Contour plots of Sð f , Þ for (a)  ¼ 0:05 and  ¼ 1 and (b)  ¼ 0:1 and  ¼ 2.
4 Journal of Vibration and Control 0(0)
 at Lebanese American University on June 7, 2016jvc.sagepub.comDownloaded from 
XML Template (2013) [4.9.2013–5:48pm] [1–11]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/JVCJ/Vol00000/130511/APPFile/SG-JVCJ130511.3d (JVC) [PREPRINTER stage]
is calculated as follows: the coeﬃcients of the polyno-
mial are evaluated, its positive real roots i are calcu-
lated. Then, the hi ¼ HðiÞ which are the heights of the
positive real roots, are evaluated. Finally, Sð f, Þ is cal-
culated numerically as follows:
Sð f, Þ ¼MAXðh0, hiÞ: ð4Þ
It is important to note that h0 and/or one of the hi
might correspond to the height of a minimum rather
than a maximum. This will not aﬀect the solution
because the heights of all maxima and minima of
Hð gÞ are determined and the maximum of all these
values is kept as depicted by equation (4).
4. The optimal solution
Since the problem is formulated in terms of dimension-
less parameters, it needs to be solved only once and the
generic results will be available for the design of such an
absorber coupled to a primary system with any physical
properties. In the classical absorber case, it was
observed that a trade-oﬀ relation exists between the
two peaks of the frequency response function of the
primary system, i.e. the optimal conﬁguration results
in equally leveled peaks. This observation was trans-
lated into a constraint equation and used in solving
for the optimal parameters as in Pennestri (1998). In
the present setup, the same observation was made but it
was not added as a constraint to the problem, which is
solved as an unconstrained optimization problem. The
problem was solved using both the genetic algorithm
and the downhill simplex method and the resulting
optimal parameters, i.e. fopt and opt are shown in
Figure 4(a) and (b). In these ﬁgures, each curve is asso-
ciated with a value of the damping ratio  of the pri-
mary system. Six diﬀerent values are chosen, namely
 ¼ 0:0, 0:1, 0:15, 0:2, 0:25, 0:30. For each value of
μ
 fopt
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Figure 4. Plots of (a) optimal stiffness ratio fopt and (b) optimal damping ratio opt.
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Figure 5. Plots of the maximum of Hð gÞ for 0    5 and
several values of .
Harik and Issa 5
 at Lebanese American University on June 7, 2016jvc.sagepub.comDownloaded from 
XML Template (2013) [4.9.2013–5:48pm] [1–11]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/JVCJ/Vol00000/130511/APPFile/SG-JVCJ130511.3d (JVC) [PREPRINTER stage]
, the mass ratio is varied from 0 to 5 and the optimal
parameters are calculated for each (,) pair.
When the absorber mass is equal to zero, i.e. when
 ¼ 0, the primary system becomes directly connected
to a resilient element comprising a spring k2 and a
damper c2. The resultant optimal stiﬀness and damping
ratios are the intercepts of the  curves with the y-axis in
Figure 4(a) and (b), respectively. When the mass ratio is
inﬁnitely large, i.e. the mass of the absorber is inﬁnitely
large, the eﬀect of the absorber is eliminated because
the primary system becomes directly attached to the
ground through its spring and damper. The maximum
of Hð gÞ in its optimal conﬁguration associated with the
optimal parameters in Figure 4(a) and (b), is shown in
Figure 5. The plots clearly show the existence of an
optimal mass ratio opt corresponding to the minimum
of the  curves. Classical vibration absorbers do not
exhibit this behavior where the higher the mass ratio,
the lower the maximum amplitude of the primary
system provided that optimal stiﬀness and damping
constants are used. This unique feature of this absorber
can be used by the designer to reach utmost perform-
ance. The utmost optimal parameter, namely, opt, fopt
and opt are tabulated in Table 1 along with the corres-
ponding maximum of Hð gÞ for the following range of
the damping ratio 0:0    0:31 of the primary system.
The frequency response functionHð gÞ is shown in its
optimal shape using the optimal parameters in
Figure 6(a) for  ¼ 0:05 and in Figure 6(b) for
 ¼ 0:1. It is plotted for several mass ratios, depicted
by the number next to each curve including the optimal
mass ratio for each case, i.e. opt ¼ 2:089 for  ¼ 0:05
and opt ¼ 2:812 for  ¼ 0:1 as per Table 1. Both ﬁg-
ures clearly show that the optimal shape of Hð gÞ is that
with equally leveled peaks. This shape is similar to the
optimal shape of Hð gÞ in the classical absorber case.
The only diﬀerence is that a peak might occur at g ¼ 0
in this setup whereas in the classical setup, both
peaks will correspond to nonzero frequency ratios.
The utmost optimal shape of Hð gÞ is depicted by the
thick line curves in the ﬁgures. As  is increased from
0.5, the height of the equally leveled peaks decreases
until it reaches a minimum value for opt ¼ 2:089 in
Figure 6(a) and for opt ¼ 2:812 in Figure 6(b). If 
is further increased, the height of the peaks increases.
The ﬁgures show that the curves start with the leftmost
peak at g ¼ 0 and as  is increased, the peak stays at
g ¼ 0 for a range of  and then departs from this
position.
It is important to note that if a given threshold of
Hð gÞ is sought after; it can be achieved using two dif-
ferent mass ratios. This stems from the shape of the
curves in Figure 5. It is obvious that if the height of
the equally leveled peaks of Hð gÞ is to equal some
value, e.g. H0, the straight line Hð gÞ ¼ H0 will intercept
the curves in Figure 5 twice, resulting in two diﬀerent
values of the mass ratio. Provided that H0 is higher
than the minimum of the corresponding curve and
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Figure 6. Plots of Hð gÞ using the optimal parameters for (a)  ¼ 0:05 and (b)  ¼ 0:1.
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lower than its value corresponding to  ¼ 0, otherwise
the H0 line will intercept the curve with only one point.
For example, if the steady state amplitude of an
undamped primary system is not to exceed 2.5, the
mass ratio of the absorber to be used to fulﬁll this
requirement can be either 1 ¼ 0:695 or 2 ¼ 2:662.
These values are obtained by intercepting the 2.5 hori-
zontal line with the curve associated with  ¼ 0 of
Figure 5. Similarly, if the primary system has a damp-
ing ratio of  ¼ 0:05 and its steady state amplitude is
H(g)
g
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Figure 7. Plots of the utmost optimal shape of Hð gÞ along with the two optimal shapes with maxima tangent to the 2.5 elevation line,
(a) for  ¼ 0:0 and (b) for  ¼ 0:05.
Table 1. The utmost optimal parameters of the proposed absorber.
 opt fopt opt Hð gÞmax  opt fopt opt Hð gÞmax
0.00 1.563 0.935 1.105 2.236 0.16 4.077 1.216 1.863 1.772
0.01 1.655 0.949 1.136 2.206 0.17 4.346 1.240 1.938 1.745
0.02 1.754 0.962 1.168 2.175 0.18 4.636 1.264 2.017 1.719
0.03 1.859 0.976 1.202 2.145 0.19 4.950 1.290 2.101 1.693
0.04 1.970 0.991 1.238 2.115 0.20 5.287 1.317 2.191 1.668
0.05 2.089 1.006 1.276 2.085 0.21 5.654 1.345 2.286 1.643
0.06 2.216 1.022 1.316 2.055 0.22 6.052 1.373 2.388 1.618
0.07 2.351 1.038 1.358 2.026 0.23 6.482 1.404 2.498 1.594
0.08 2.495 1.055 1.402 1.996 0.24 6.950 1.436 2.615 1.571
0.09 2.648 1.073 1.449 1.967 0.25 7.460 1.469 2.740 1.548
0.10 2.812 1.091 1.499 1.938 0.26 8.016 1.503 2.874 1.525
0.11 2.987 1.109 1.551 1.910 0.27 8.624 1.539 3.019 1.503
0.12 3.176 1.129 1.606 1.881 0.28 9.290 1.577 3.175 1.481
0.13 3.368 1.148 1.665 1.853 0.29 10.020 1.617 3.343 1.460
0.14 3.594 1.171 1.727 1.826 0.30 10.816 1.658 3.524 1.439
0.15 3.827 1.193 1.793 1.799 0.31 11.705 1.701 3.720 1.419
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not to exceed 2.5, the two mass ratios that will satisfy
this constraint are determined by intercepting the 2.5
horizontal line with the  ¼ 0:05 curve of Figure 5. The
resultant mass ratios are 1 ¼ 0:556 and 2 ¼ 4:698.
The frequency response function resulting from these
two scenarios are illustrated in Figure 7(a) for  ¼ 0
and in Figure 7(b) for  ¼ 0:05. Each ﬁgure shows
two Hð gÞ curves in their optimal conﬁgurations asso-
ciated with 1 and 2 and with equally leveled peaks
tangent to the 2.5 horizontal line. The utmost optimal
Hð gÞ shape which corresponds to opt is also plotted in
each ﬁgure.
5. Absorber performance
When the primary system is undamped and before the
addition of an absorber, the maximum amplitude of its
frequency response function theoretically reaches an
inﬁnitely large value. This occurs when the forcing fre-
quency approaches the absorber’s natural frequency,
i.e. when g  1:0. The addition of a properly designed
vibration absorber is always beneﬁcial to an undamped
primary system as it will reduce its inﬁnitely large max-
imum amplitude to some ﬁnite value. When damping is
present in the primary system and before the addition
of an absorber, its frequency response function will
experience a ﬁnite peak at g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 22
p
, which is
equal to 1=ð2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2
p
Þ and deﬁned for 5 1= ﬃﬃﬃ2p .
Therefore, the performance of an absorber is deter-
mined from the degree to which it can reduce the
peak of the primary system frequency response, origin-
ally at 1=ð2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2
p
Þ. The height of the equally leveled
peaks of Hð gÞ with an absorber is plotted in Figure 8(a)
for the range 0    1=2 along with the height of its
single peak without an absorber. The thick-line curve
depicts the case of a primary system with an absorber
and is obtained using the utmost optimal parameters
which are tabulated in part in Table 1. The thin-line
curve represents the case of a primary system without
an absorber and obtained simply by plotting the func-
tion 1=ð2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2
p
Þ. It is evident that the higher the  the
lower the gap between the maxima of Hð gÞ with and
without absorber. Therefore, it is concluded that the
absorber is more eﬃcient for lightly damped systems.
Similarly, the classical vibration absorber was found to
be detrimental when attached to highly damped pri-
mary systems; see Randall et al. (1981).
Two cases are considered to illustrate the eﬀect of
the addition of such an absorber to a damped system.
In Figure 8(b), Hð gÞ is plotted for  ¼ 0:1 with and
without the absorber. The ﬁgure clearly shows the tre-
mendous diﬀerence between the height of the peak of
Hð gÞ without an absorber and the height of its equally
leveled peaks after the addition of the absorber. The
maximum of Hð gÞ was decreased from 5.025 to 1.938,
a total reduction of 61.43% which is the maximum
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Figure 8. (a) Plot of the maximum of Hð gÞ with and without absorber for a range of , (b) plot of Hð gÞ with and without absorber
for  ¼ 0:1 and  ¼ 0:4.
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performance that can be achieved by the absorber
because opt ¼ 2:812 was used. The use of any other
mass ratio will increase the equally leveled peaks of
Hð gÞ and therefore reduce the absorber performance.
For example, the 61.43% reduction that was achieved
for  ¼ 0:1 and opt ¼ 2:812 will become 58.5% using
 ¼ 1:5 and 55.6% using  ¼ 1:0. Another case is con-
sidered where  ¼ 0:4 and is shown in Figure 8(b). The
addition of the absorber did not substantially reduce
the peak of Hð gÞ which was originally at 1.363 before
the addition of the absorber and became 1.257 after the
addition of the absorber resulting in a reduction of
7.78% only. Furthermore, the optimal mass ratio for
 ¼ 0:4 is opt ¼ 25:77, which results in a very large
absorber mass. Hence, these types of absorbers are
not recommended for highly damped primary systems
because of their low performance, heavy weight and
consequently large size.
6. Comparison with the classical
absorber
Before comparing the performances of the proposed
and classical absorbers, the diﬀerence in their setups
makes the proposed absorber more suitable for systems
incapable of supporting loads on their external struc-
tures. Classical absorbers are attached to their host sys-
tems and in order to reach an adequate amount of
reduction in the amplitude of the primary system, the
mass of the absorber should be a good fraction of the
primary mass, and especially when the primary system
is damped. It is well known that the classical absorber
performance is closely dependent on its mass. The
higher the classical absorber mass, the more reduction
in the primary system amplitude is achieved. Therefore,
if a certain amount of reduction is to be achieved cor-
responding to a certain absorber mass, an appropriate
location to attach the ‘‘heavy’’ absorber might not be
found. Furthermore, some primary systems might be
too fragile to withstand any load on their external
structures such as ﬂimsy structures and delicate instru-
ments. In the proposed setup, this restriction is not
relevant because the primary system is attached to the
absorber and hence the designer is capable of carefully
designing the absorber with any mass to ensure that it
will safely withstand the primary system weight.
The maximum amplitudes of a primary system
coupled with the proposed and classical absorbers are
plotted in Figure 9(a) and (b) in terms of the mass ratio
 and several damping ratios  of the primary system.
Traditionally, the mass ratio is deﬁned as the ratio of
the absorber mass to the primary mass. For the pro-
posed absorber, it is the ratio of the bottom mass
(absorber) to the top mass (primary mass). Using the
same analogy and for the sake of consistency, the same
mass ratio deﬁnition is used for the classical absorber,
i.e. the ratio of the bottom mass (primary mass) to the
top mass (absorber). The solid line curves in Figure 9(a)
and (b) which correspond to the maximum amplitudes
of a primary system coupled with the proposed absor-
ber are shown in Figure 5. The dashed line curves cor-
respond to the maximum amplitudes of a primary
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Figure 9. Plots of the maximum of Hð gÞ of a primary system with a classical and a proposed absorber (a) for  ¼ 0:0 and  ¼ 0:05;
(b) for  ¼ 0:1 and  ¼ 0:15.
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system coupled with a classical absorber. These curves
are obtained by ﬁrst determining the frequency
response function of the classical absorber and then
solving the problem using the downhill simplex
method. The optimal parameters are not plotted, they
are found in the literature, e.g. in Randall et al. (1981)
and Pennestri (1998). The dashed line curves are plotted
for 4 2:5 only because it is assumed that the mass of
the classical absorber cannot exceed 40% of the pri-
mary mass as per Randall et al. (1981).
In Figure 9(a), when  ¼ 0, for a given 4 2:5, the
solid line curve is always lower than the dashed line
curve. In other words, when damping is not present
in the primary system and using the same mass propor-
tions between the top and bottom masses, the proposed
absorber always yields a lower peak of Hð gÞ. The
lowest maximum that can be reached using the classical
absorber is equal to 2.46 and corresponds to  ¼ 2:5,
or to the mass of the absorber being 40% the primary
mass. Using the proposed absorber with  ¼ 2:5, the
maximum of Hð gÞ is reduced to 2.44, which can be also
achieved using  ¼ 0:8 and further reduced to 2.23
using the optimal mass ratio opt ¼ 1:563. In the
same ﬁgure, when  ¼ 0:05, the lowest maximum of
Hð gÞ for the classical absorber corresponds to
 ¼ 2:5 and is equal to 2.11 which can be attained
using the proposed absorber with  ¼ 2:5 or
 ¼ 1:71. Any value of the mass ratio in this range
1:71    2:5 will lead to a maximum of Hð gÞ lower
than 2.11 and the utmost performance of the proposed
absorber is reached when using opt ¼ 2:089 which
yields the lowest maximum of Hð gÞ that is equal to
2.085. As the damping of the primary system is further
increased, the classical absorber will become more
eﬀective for lower , as depicted in Figure 9(b) for
 ¼ 0:1 or  ¼ 0:15. For instance, for  ¼ 0:1 and
2:5    3:02, the classical absorber results in a
lower maximum of Hð gÞ and for 4 3:02 the proposed
absorber yields a better solution. Similarly when
 ¼ 0:15 and 2:5    3:78, the classical absorber is
more suitable whereas for 4 3:78 the proposed one
supersedes. Finally, it is important to note that when
the classical absorber yields more vibration suppres-
sion, it does so for large masses of the absorber. For
example, when  ¼ 0:1, the absorber mass is between
33.1% and 40% of the primary mass or when  ¼ 0:15,
the absorber mass is between 26.5% and 40%.
7. Conclusion
A new vibration absorber setup is proposed to reduce
vibration in harmonically forced damped systems. The
absorber is placed between the primary system and sup-
porting ground. For given primary system damping
and mass ratios, the optimal stiﬀness and damping
ratios of the absorber are calculated numerically. The
optimal parameters are plotted in terms of the mass
ratio for several primary system damping ratios.
Unlike classical absorbers where performance increases
with increasing absorber mass, it is shown that for the
proposed setup, an optimal mass ratio exists and is
calculated numerically for a given primary system
damping ratio. The utmost optimal parameters, i.e.
optimal mass, damping and stiﬀness ratios, are calcu-
lated and tabulated. All results are generic and can be
used for the design of such absorbers for damped pri-
mary systems with any material properties. Similar to
the classical absorber case, the proposed absorber per-
formance decreases with increasing primary system
damping. Due to the nature of its setup, the proposed
absorber is more suitable than the classical one espe-
cially when the absorber cannot be attached to its host
system for reasons of structural stability and integrity.
Compared to the classical absorber, the performance of
the proposed absorber is higher for lightly damped pri-
mary systems. For highly damped primary systems, the
classical absorber yields better performance, but for
large masses of the absorber.
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